Measuring the angular solar diameter using two pinholes
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At the turn of the sixteenth century Tycho Brahe and Johannes Kepler made single pinhole
measurements of the solar diameter. Their accuracy was limited by diffractidmown to them

and the motion of the image on the screen. We discuss how two pinholes built on the same mask can
be used to bypass all the problems inherent in the single pinhole approach. The distance at which
the two images of the Sun are in contact is the only measurement needed, and the experimental
accuracy is much better than measuring the diameter of a single moving image. We obtained 0.5%
accuracy, sufficient to follow the angular variations of the solar diameter due to the motion of the
Earth in its orbit. © 2002 American Association of Physics Teachers.

[DOI: 10.1119/1.1507790

[. INTRODUCTION AND DEFINITION OF cal optics limit. Conversely, diffraction effects, unknown to
INSTRUMENT PARAMETERS Kepler, enlarge the image sigg, by a fixed angular amount,
so they become important at large focal distances. Due to
Measurements of the angular solar diameter using a singlgiffraction, the ratiod,=d,/f is systematically larger than

pinhole were performed by Tycho Bréhim 1591 and Jo-  the ideal point-like pinhole for large focal distances.
hannes Keplérin 1600—1602. They calculated the ratio

0o =(dn—dp)/f, (1) 1I. IMPROVING THE SINGLE-PINHOLE

whered,, is the diameter of the image on the screép,is MEASUREMENTS

the diameter of the pinhole, arfdis the focal length. The  The dimensions of the camera obscura where Kepler did
latter is the distance between the center of the image on thgis measurements limited the focal length of the instrument
screen S and the center of the pinhole, mounted on a mask ¥hown in Fig. 1 <4 m). We use a mirror that projects the
parallel to the screefsee Fig. 1. The mean angular solar gynlight horizontally on a pinhole, oriented toward a white
diameter is 32 arcmifL920 arcse; which produces pinhole gscreen located in a convenient shadowed place. With this
images whose diameter is about 1/100 of the focal lengthyethod it is possible to easily obtain good imagesf at

The motion of the image during the measurements due to thAed20 m near the best focus. The mirror can be aimed into a

rotation of the Earth and the low contrast of the edges of th?eal camera obscura. or it can be replaced by a shadowed
solar image on the screen are causes of errors in the evalugy ... screen(or wall) " which is easy tg find Tﬁ/e pinhole-

tion of the angular solar diameter. In previous work we dis- hadowed screen can be considered a very large pinhole
cussed the original data of Kepler and Tycho, and explameéamera

the systematic errors in their results in terms of geometrica The existence of an optimal focal length can be under-

and diffraction effects. . : - e
. stood by the following argument. The geometrical distortion
Because Fo(1) does not take into account effects due to becomes significant for short focal lengths, when the dimen-

diffraction, Kepler adopted various ways to improve hisSion of the solar image approaches: therefore. the diam-
measurementgl) He pre-drew disks of different diameters ) g€ app e, . . .
ter of the image has to b&,>d,. Similarly, diffraction

on the screen S where the Sun’s image was projected, in .
order to compare quickly the solar image with the disks. indffects the resolution of features on the solar surface that are

this way he limited the error due to the motion of the image Smaller than an angular distanéRayeigi=1.220/d,, which
(2) He arranged his instrumertFig. 1) into a camera ob- corresponds to a dimension on the focal plane rof
scurafor enhancing the contrast of the imat€8) By using  =1.22\/d,. If we increasd anddy,, the same information
Eg. (1) to analyze his data, Kepler applied the concepts ofin terms of resolutionis spread out over a larger surface,
geometrical optics, first developed by hirn effect, he con-  thereby losing contrast. Hendg, cannot be arbitrarily large.
sidered that geometrical effects occur when the pinhole iTherefore the best focuyes, is obtained whem~d,, and
close to the screen where the image is projected: the shapgerefore

and the dimension of the image are still influenced by the 2

shape and the dimensions of the pinhalg, In the limit f Foest 1/Ndp. )
—0,dy—d,. An ideal point-like pinhole would produce an A pinhole of diameterd,=4 mm has fpe=16 m for A
image of the Sun with diametet,,—0 whenf—0. In this =5500 A.

way the ratiof,=d,,/f would be independent of the focal  As the pinhole camera gets longer, its magnification in-
length. But in real experiments the ratig)=d,,/f tendstoa creases making the image larger. But as the camera gets
constant value only at large focal lengths. Kepler subtractetbnger, the light passing through the pinhole starts to spread
the value ofd, from d, to recover the effect of an ideal due to diffraction. Geometrical effects dominate fot fy,eq
point-like pinhole, for which Eq(1) is valid in the geometri- and diffraction effects fof >f .5, SO measurements are best
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Fig. 1. Kepler’s instrument for measuring the solar diamé®af. 2. It was

4 m long and it was used in a camera obscura. Fig. 2. Two-pinhole geometry. The solar light is coming from the right-hand
side. The maskwhich contains the pinholg¢sand the focal planéwvhere the
screen is locatedare parallel to each other. An ideal pinh@pint-like) in

made atf:fbest- Furthermore, the best focus given by Eq. geometrlcal optics would prodL_Jce a perfect cone of solar Ilg_ht WIth an
opening angle o®g,,. In real pinholes each point of the hole is like an

(2) corre_:sponds to the boundary b_etwe_en the Fresnel dlﬁraqaeal pinhole producing a cone. The cones represent the envelope of the
tion regime and the Fraunhofer diffraction regime. cones produced by each point in each hole. The axis of the ideal cones are
The ability of the observer to measure the diameter of thearallel to each other, because the Sun is practically at infinity. Consequently
moving image also determines the accuracy of the measuréhe opening angle of ideal cones is equal to the opening angle of their
ment. The rotation of the Earth causes the image to move &nvelope. They also represent the solar rays forming the two images of the
about 15 arcsec/s or 1.2 mm/s at a focal length of 16 m. |§un on the focal plane. The diameter of the circle at the focal plane is given
: P te d=0g,; (Fc+h) whereh is the height of the small con@bove the
imposes a severe limit on the accuracy of the measurement¥ : ; . . .

f the solar diameter. even at the best focus. The comparis mask whose base of dlametejp is the plr_nhole _|tse|f. The prop_ortlon
0_ . ! . p _Orp(FCJr h)=d,:d, from which Eq.(3) is derived, is always valid in the
with drawn disks has to be made in less than a second, Whlcé‘éometricm optics regime.
makes this measurement a challenging task.

. TWO PINHOLES determined with an accuracy ef1/10 mm and their diam-

Our goal is to use two pinholes built on the same mask&ter with an accuracy of 1/100 mm in the laboratory. Y\gith
instead of, for example, giving an hourly motion to the SUch @& compact device an accuracydf, /6o ~5% 10
whole instrument to keep it aimed at the Sun. The two pin-~10arcsec is expected from E@) for the evaluation of the
holes are separated by a fixed distatteA flat mirror ~ actual angular solar diameter. Finally, instead of its actual
projects onto it the light of the Sun. The pinholes producevalue, we might want to evaluate only the changes of the
two images of the Sun on a screen that is parallel to th@ngular solar diameter during the year. Using the same de-
mask. The centers of these images are also separagdiby Vice for this purpose, the uncertainties on the dimensions of
we slightly vary the focal lengtf, we can find the focug, ~ dp @ndd are systematic errors in E(), and the accuracy
at which the two images are in contact. The uncertainty inachleva_\ble_ on variation measurements depends only on the
the resolution of the image due to diffraction is now trans-detérmination of the focal length of the contact.
ferred to the determination df.. In this way we overcome
the uncertainty arising from measuring the position of two!V. PINHOLE DIFFRACTION UNLIMITED

moving lllmk;s ((fadgel$lof th: sol;:xr |msge, and ne?d rfo mea- it we compare the accuracy obtained with the two pinhole
sure only the focal lengtii; when the contact of the tWo  gytem with the Rayleigh formula for the resolution power

images is observed. , _with a single circular opening, we see that the system of two
Because geometrical effects enlarge the images by a f'Xe\;,S\{nholes is not diffraction limited. The resolutigraccording
amountd,, (see the focal plane of Fig.)2the actual solar i the Rayleigh formula is

diameter as produced by an ideal point-like pinhole is now
given by p=1.22/d,~1 arcsex (120 mmd,). (4
0o=(d—dp)/f. (3)  Equation(4) gives a limit of p=30arcsec for a 4-mm pin-

. L . . hole, while p=10arcsec is the accuracy for the system of
Equation(3) is similar to Eq.(1), the difference is that the two pinholes with the same diameters.

separation 01_‘ _the centedsand the dlamefcer of the pinholes 114 Rayleigh formula for the resolution power of a tele-
dp are quantities that are measurable with the accuracy pogcope describes, for a point-like source, the angular distance
sible in the laboratory. between the central peak and the first diffraction disk on the
We can also work withf ;< fpegrand low contrast images, focal plane. If a second point-like source of equal intensity is
but the best results are obtainedfgt ., Where diffrac-  located in the first dark disk, its central peak can be clearly
tion effects are minimized. The possibility of measuring onlyidentified by the naked eye under good atmospheric condi-
f. during the observations of the Sun, allows us to obtain arnions. If two sources are closer than this angle, the only way
accuracy of measurement ef1 cm overf.~5m of focal to distinguish them as separate sources is to sample their
length, if the 4-mm pinholes are mounted 5 cm apart fromcentral peaks with a large numb&r of photons. A long
the other. The distance of the centers of the pinholes can hategration timet of photons in the detector is required
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(Nect). A Poisson uncertaintp proportional toy/N is asso- The experiment is very simple to perform and allows stu-
ciated with the number of photomé that are the signal. This dents to actively learn about geometrical and wave optics,

statistical uncertainty is called the noisef the source. The data reduction, signal-to-noise ratio and statistical uncer-
noise is defined as the statistical variance of the signal tainty, the eccentricity of the Earth’s orbit, the angular solar

B . . : . diameter and seasonal and intrinsic variations, and aspects of
l;l:l Thetrflgnal—to—nmsde_trat|o?ssm/ﬁoc\/f is the contrast history of classical astronomy.

eFvgfetﬂe gusnOl:rzCeereari]s ;]2 Ta?olriém of poor contréstw It is instructive to compare the values obtained by this

. X X experiment with the values calculated by computer programs
signal-to-noise ratip Note that the darkening of the solar P y P brog

X X hat repr he orbital parameters of the Earth an her
limb, due to self-absorption of the solar atmosphere, doesnt at reproduce the orbital parameters of the Earth and othe

Ustronomical objects. In particular, the prograGEPHEM, is
affect the perception of the contact between the two image§ ) P ’ prograet '

because the solar limb is much brighter than the sky aroundecommendeﬂil.
it (high signal-to-noise ratjo The determination of the con-

tact between the two images can be very accurate even with

the naked eye, and this experiment gives results better than

the classical Rayleigh limit calculated for a single pinhole.
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The latter is a telescope with a movable split-lens objective,
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Bessel in 183)_3 . 3C. Sigismondi and F. Fraschetti, “Measurements of the solar diameter at

The Solar Disk SextarSDS can be considered a modern  kepler's time,” The Observatorit21, 380—385(2001).
heliometer. It is a balloon-born telescope for measuring the*Kepler can be considered to be the inventor of the camera obscura and was
variations of the solar diameter with an expected accuracy ofthe first to describe its principlésee Ref. 2 A camera obscura is a dark
a few milliseconds of arc, where the two images at the focal foom where a pinhole is open on one wall. It projects an upside-down
plane are obtained with a glass wedge in front of the objec- |mage_of what is V|S|ble_ through the pln_hole on thg opposite wall. The
. L . g formation of the image in a photographic camera is based on the same
tive. Similar to the case discussed in Sec. IV, the perfor- . .|

. . o principle.
mance of the SDS_ goes beyonfj the dlffractlon limit Of.the 5P. R. Bevington and D. K. RobinsoBata Reduction and Error Analysis
instrument. The principles of this experiment are explained for the Physical SciencedlcGraw—Hill, New York, 1992.
in Refs. 8 and 9. Using a prism in front of the objective, the 5The Encyclopedia Britannica, 1911. See http://www.1911ency.org/. The
modern SDS telescope exploits the same principle of theoriginal idea of the heliometer is attributed to the Danish astronomer Olaus
heliometer developed in the"tﬂ'm\gen Observatory at the Romer (16441710, although the date of the invention, 1768, given in the
end of nineteenth centui‘ﬁ}.ln this respect our two-pinhole i\lr\]/((:a(l))rrztf of the scanned version of the 1911 Britannica is accidentally
device is a good introduction to these more sophisticatetisee nttp://scienceworld.wolfram.com/biography/Bessel.htm
astronomical instruments and techniques and represents theil. c. chiu, E. Maier, K. H. Schatten, and S. Sofia, “Solar disk sextant
simpler prototype. optical configuration,” Appl. Opt23, 1230-12341984.

The two pinho|e system gives an accuracy of 10 arcsec,gs. Sofia, H. C. Chiu, E. Maier, K. H. Schatten, P. Minott, and A. S. Endal,
which is 0.5% of the angular diameter. This accuracy ile:AS;O'S"’“hd'Sk nglt_a’}i'" ﬁpp'- O‘Ptt),za NTZ35‘1237(§98‘2 dureh .
enough to detect the variation of 64 arcsec from the perihe- - >C"" 81¢ & AMBIONT, 216 VISSSUNGEn des Sonnencurcimessers,
: . Astron. Mittheilungen der Koiglichen Sternwarte zu Giingen7, 17—60
lion (January 4, Sun larger: 1952 arcsex aphelion(July 4, (1905.

Sun smaller: 1888 arcsedue to the orbital motion of the isee hitp://www.clearskyinstitute.com/xephem/ for information about
Earth. XEPHEM.
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